I. INTRODUCTION
T HE dielectric resonator antenna (DRA) has attracted much attention in recent years due to its many favorable features such as low loss, compact size, structural simplicity, and simple feeding schemes. Various different shapes have been investigated, the most common being hemispherical, cylindrical, and rectangular shapes, e.g., [1] - [4] .
In order to obtain a large bandwidth, a wide range of complex shapes have been used, common to which is the inclusion of an air gap inside the DRA [5] - [7] . Also multiple-band operation has been achieved by using inhomogeneous dielectrics in the form of stacked DRAs or by enclosing one DRA in another [8] , [9] .
Circularly polarized DRAs have been designed using either single-feed or multiple-feed excitations. With a single feed, orthogonal modes can be excited in the DRA by applying parasitic patches [10] or by exciting the DRA asymmetrically [11] . These methods, however, are generally very narrow-band with respect to the axial ratio, and therefore practical designs often make use of multiple feeds excited in phase quadrature, e.g., [12] .
The compact size is an important factor when considering the DRA as a candidate for phased arrays. This allows smaller element separation compared with many other antenna types, and this is important for reducing scan loss [13] . Planar linearly polarized DRA phased arrays have previously been examined in [14] and [15] ; and in [16] a circularly polarized phased array was developed. In [14] , the influence of the mutual coupling between the elements on the radiation pattern was investigated. However, a detailed investigation of the array scan loss and its variation with element distance and frequency has not been reported for these designs. Much theoretical work has been done in analyzing hemispherical DRA elements where spherical wave expansion (SWE) techniques can be used to derive analytical solutions or be combined with numerical techniques such as the method of moments (MoM) to solve for currents on probes or fields in apertures that excite the DRA, e.g., [1] and [2] . For more general shapes of DRAs or for DRA arrays, accurate modelling usually relies on numerical techniques, e.g., the finite-element method (FEM) or MoM. For arrays in particular, the computational cost of numerical analysis may be prohibitive with these methods.
The method of auxiliary sources (MAS) is well known for its low computational cost and may thus be an alternative to MoM and FEM. Indeed, MAS has previously been employed in the analysis of dielectric antennas [17] , where an infinite periodic waveguide array with protruding dielectric elements was investigated. In particular, the simple and computationally cheap standard MAS [18] can be employed when the field varies smoothly along the boundaries, and in this case simple Hertzian dipoles can be used as auxiliary sources. For configurations where the fields vary rapidly near the boundary, e.g., near edges or closely positioned illuminating sources, the MAS model can be augmented with localized MoM patches [19] , [20] . MAS has also been proven effective for thin-wire antennas where, by using sinusoidal dipoles as auxiliary sources, the impedance properties of dipole antennas have been evaluated accurately [21] .
The purpose of this paper is twofold. First, it is demonstrated that the simple standard MAS model can be employed for detailed and accurate analysis of small finite arrays of smooth hemispheroidal probe-fed DRAs positioned on an infinite, perfectly electrically conducting (PEC), ground plane. Secondly, the model is used to investigate and design a seven-element hexagonal phased array consisting of such DRA elements. The emphasis is put on circularly polarized elements fed in phase quadrature with four probes. A number of different element designs are first investigated, and subsequently the seven-element phased array is analyzed. Examples of array performance in terms of directivity and scan loss are presented, and the dependence on element separation and scan angle is discussed. In order to validate the MAS model, the results are compared with those obtained using the software tool CST Microwave Studio (CST-MS) and reference measurement from [22] . In the case of a single hemispherical DRA, comparison is also made with SWE solutions. These validations are done for one-and two-element configurations; however, it was not practically possible to model an entire seven-element array with CST-MS with the available computer resources. This further illustrates the justification of developing this MAS model.
The text is organized as follows. The MAS model is presented in Section II and the element and array investigations are given in Section III and Section IV, respectively. The conclusions are drawn in Section V, and additional mathematical details of the MAS model and the SWE solution are given in Appendixes I and II, respectively.
II. MAS MODELS OF THE DRA ELEMENTS AND ARRAYS

A. The DRA Element
The hemispheroidal DRA element is depicted in Fig. 1 , where also the coordinate system is defined. It is positioned on an infinite ground plane and is uniquely described by its height and width . It is fed by a number of probes positioned inside the DRA. The position of the th probe in the -plane is given by the circular cylindrical coordinates , and the probe radius is denoted .
The MAS model of a single DRA with one probe is shown in Fig. 2(a) . The upper half-space is divided into two regions: Region 0 outside the DRA and Region 1 inside with the boundary denoted . The outward unit normal vector to is denoted . The permittivities and permeabilities of the two regions are 
and
, respectively, where and are the relative permittivity and permeability of the DRA material. Thus the wave numbers and intrinsic impedances of the two regions are, respectively, and with being the angular frequency. The total field in the two regions is denoted by and . The probes are modelled as currents with sinusoidal shape with unknown amplitude and phase. This probe model is of course an approximation; however, as has been demonstrated in [21] , MAS can be used to accurately recover impedance properties of wire antennas, e.g., such probes. Even with this approximate probe model, the present MAS model yields useful results, as will be apparent.
The probes produce an incident field in Region 1 inside the DRA, whose interaction with the DRA boundary forms a scattering problem. In Region 1, the total field is thus the sum of the incident and the scattered field . The tangential components of the total field are continuous across , and thus
In the MAS probe model, the sinusoidal probe current is taken as (2) where is the probe length and is the complex excitation. The excitations will be calculated based on the scattering matrix of the DRA elements or arrays as detailed in Section II-C.
In order to calculate the incident field, the probe currents are discretized using so-called incidence sources (ISs) for each probe. The ISs are electric Hertzian dipoles, and the position and dipole moment of the th IS of the th probe are denoted by and , where , respectively. The ISs are shown in Fig. 2 (a) and radiate in a homogeneous half-space with the material parameters of Region 1; however, the thus produced incident field is confined to Region 1. The contribution to the incident field radiated by the th IS is denoted . The incident field radiated by the th probe is then (3) To recover the fields in both regions, two sets of auxiliary sources (ASs) are positioned on so-called auxiliary surfaces denoted and and chosen conformal to . The auxiliary surfaces are receded into and advanced outside by the distances and , respectively, as indicated in Fig. 2 In (5a) and denote the electric and magnetic fields radiated by the th of the two crossed Hertzian dipoles of the th AS on the auxiliary surface and similarly for and in (5b). These fields are weighted by the MAS excitation coefficients and , which are to be determined through fulfilment of (1a) and (1b) in the TPs. This yields 4 equations with 4 unknowns for the tangential components of the electric and magnetic fields at . The presence of the infinite PEC ground plane is taken into account by employing image theory. It thus follows that the fields from the ASs and ISs can be found by removing the ground plane and adding the field from the corresponding image source below the ground plane. Thus the field from a single AS above the infinite ground plane consists of two contributions: one from the AS directly and one from the image source, e.g., (6) Explicit expressions for the electric and magnetic fields, evaluated at the TPs, are given in Appendix II.
In the case where there is more than one probe, i.e., , it is convenient to form independent equation systems with individual sets of incident fields and corresponding solutions of the MAS excitation coefficients. The solutions of these systems may then be combined later in accordance with the actual excitations of the probes. In this way, it is only necessary to invert the linear system matrix once. The linear system of equations thus established can be written as a matrix equation of the form (7) The submatrices , , , and have 2 2 elements and hold two tangential components of the electric or magnetic fields of the two Hertzian dipoles of the ASs on the auxiliary surfaces or at the TPs. The right-hand side submatrices and have 2 elements, and their columns hold the incident electric and magnetic fields from the probes. The MAS excitation coefficients in and are readily found by inversion of the left-hand side matrix and are similarly arranged in columns corresponding to the sets of incident fields.
B. The DRA Array
The single-element formulation is now extended to the case of a planar array consisting of DRAs. Thus the DRA boundaries, regions, auxiliary surfaces, ASs, and TPs are now referred to by an index from one to .
In Fig. 2 (b), an example of an MAS configuration with is shown. It is noted that the interaction between the ASs, ISs, and TPs within each DRA element of the array is the same as in the single-element case. The interaction between the ASs and ISs of one DRA element and the TPs of a neighboring DRA elements must, however, now be included. Thus the field radiated by the ASs on the external auxiliary surfaces, denoted by , as well as the incident field radiated by the ISs inside the th DRA are confined to Region . Hence it is only the ASs on the internal auxiliary surfaces, denoted by , that contributes to the field in Region 0 and hence to the field at the boundaries of the other DRA elements. In total a 4 -dimensional linear system of equations results. In the case where the th probe is excited, the total fields on the two sides of the boundary at the th TP of the th DRA is (8a)
in Region 0 and (8b) in Region . The factor takes the value 1 if the th probe is located in the th region and 0 otherwise. Thus for each element the summation over the probes only yields contributions. Note that the sum in (8a) includes the interior ASs of all the DRAs, whereas those of (8b) only include the ISs and exterior ASs associated with the th DRA. 
The submatrices , , and in (9) are of the same size as the full matrices for the single-element case in (7). In particular, it is noted that equals the left-hand side matrix in (7) for .
The columns of and hold the incident fields, and MAS coefficients associated with the th DRA corresponding to the case where the probes of the th DRA are excited. Since the incident field is confined inside the respective DRA, the are only nonzero for . However, since the neighboring DRA becomes excited due to the mutual coupling between the DRAs, the are generally nonzero. The full and matrices have columns corresponding to each of the probes in the array.
C. Calculation of Impedances and Far Fields
The probe input ports are located at the probes' intersections with the ground plane. The self and mutual impedances of these ports are calculated using the reaction theorem [23] . In the present model, where the probe currents are discretized using ISs, a discrete version of the reaction theorem is employed (10) where is the field sampled at the surface of the th probe when the th probe is excited. The electric field is calculated as (11) The factor , multiplied on the incident field, indicates that this only contributes directly to the coupling between probes located in the same region. 
In (13b), is the impedance matrix with the elements given by (10) and is the identity matrix. While the amplitudes of the probes currents were set to unity when calculating the probe impedances, the actual probe excitations, corresponding to a certain set of forward voltage wave excitations , can now be calculated using the obtained knowledge of the coupling between the probes.
The field outside the DRAs, i.e., in Region 0, is the sum of the contributions from the ASs on the interior auxiliary surfaces . Thus the field in Region 0 due to a current on the th probe is (14) From this expression and the knowledge of the element-to-element coupling, the active element patterns (AEPs) [13] of the array can be found as follows. When any of the probe ports are excited by a forward voltage wave, nonzero currents will result on all the probes of the array due to the coupling between the probes and hence all DRA elements are excited. In the case where the th port is excited by a unit forward voltage wave, the corresponding current of the th probe is for otherwise (15) where follow from (13a). Having calculated the currents on all probes, the corresponding AEPs can be established. For a unit forward voltage wave excitation of 1 V of the th port, the resulting AEPs is (16) where is the far field corresponding to of (14) and are dimensionless weight factors. 
III. ANALYSIS OF DRA ELEMENTS
The MAS model is now applied to the case of a single DRA element. The investigations presented here will concentrate on oblate hemispheroidal DRA elements, i.e.,
. The elements are circularly polarized with probes. The probe displacement from the center is chosen such that the probes are positioned as close as possible to the DRA edge and excite the fundamental broadside mode [1] . The probe displacement is the same for all probes but varies for different DRA designs. The probes are spaced equiangularly such that and ideal phase quadrature is imposed for the forward voltage waves of the ports, i.e., V. The frequency interval of interest is L-band around 1.6 GHz. Six different designs, denoted Design 0-5, are considered and are further described in Table I , where also the number of ASs on each auxiliary surface is given. For all the designs, the probe height has been selected such that at 1.6 GHz, and a probe radius of mm and element height of cm are used throughout. Furthermore , and by varying and , the resonance frequency , defined at , can be tuned. Investigations, which are not shown here, indicate that the input impedance of the DRA elements, and in particular the center element, is shifted to slightly higher frequencies when used in an array. For this reason, the single-element designs presented have values of selected to obtain a resonance frequency somewhat lower than 1.6 GHz, as can also be seen from Table I .
In order to check the convergence of the solution, the relative changes of the input impedance, resulting from an increase in the number of ISs and ASs, are calculated.
is defined as where is kept constant. For , which is defined in a similar way, is kept constant. The results are shown in Fig. 3 for Design 1. As can be seen, the change quickly becomes very small indicating convergence. In the remaining investigations, is used throughout. As a further validation, the MAS model is compared with results obtained using SWE and CST-MS.
Design 0, with , is the special case of a hemispherical DRA. The probe-fed hemispherical DRA has been widely described in the literature, and selected analytical solutions are reported in [1] and [2] . An analytical solution, based on a spherical wave expansion, has been derived here (see Appendix I), and this serves as an additional means for testing the proposed MAS model. In Fig. 4 , the input impedance and directivity obtained for Design 0 are shown together with the corresponding SWE and CST-MS results. It is noted that the MAS probe model is employed for both the MAS and the SWE solutions but not for the CST-MS solution. In the CST-MS model, the probes are modelled more accurately with coaxial cable feed ports, which might not lead to the sinusoidal current distribution assumed in the MAS model. As can be seen the MAS and SWE results agree very well for both impedance and radiation results. This shows that the field both inside and outside the DRA is accurately recovered. When comparing the impedance results with the CST-MS solution, it is seen that the approximate probe model used in the SWE and MAS models introduces some inaccuracy. Thus the resonance frequency is about 2% higher and the resistance at resonance is about 20% lower than for CST-MS. In the case of Design 0, MAS yields a resistance of about 80 while the CST-MS result is about 100 . For the radiation results, however, all three solutions agree well and the probe models have little impact on the result.
To calculate the impedance bandwidth, the DRA input ports are matched with identical lossless open-circuit single-stub (OCSS) matching networks as shown in Fig. 5 . This matching network is designed to match the mean input reflection coefficient of the probe ports (19) where is the input reflection coefficient, seen at the th probe input port of the unmatched DRA element, and is calculated from (12a) for a chosen design frequency . The scattering matrix of the OCSS matching network can easily be determined and is (20) where , , and are the lengths and phase constant of the transmission lines in the matching network. The proper values of and depend on the reflection coefficient to be matched. The design frequency and expressions can be found in most textbooks on the topic, e.g., [24] . By combining the scattering parameters of the matching network with those of the array in (13b), e.g., as described in [25] , the combined scattering matrix of the matched DRA element can be derived and the reflected voltages from this matched DRA can be calculated. The matching network is designed for GHz, which is close to the element resonance frequencies , and the impedance bandwidth (BW) is defined with respect to dB, where (21) and is the input reflection coefficient seen at the input port of the OCSS matching network connected to the th probe.
The impedance bandwidths and resonance frequencies obtained with the MAS model are listed in Table I for all the designs. The impedance results for Design 1, 3, and 5 are shown in Fig. 6 and compared with the corresponding CST-MS results. The deviations between the resonance frequencies and impedance values obtained by the two solutions are still approximately 2% higher and 20% lower, respectively, for the MAS solutions. The impact of increasing and decreasing on the bandwidth is clearly seen, and thus the obtained impedance bandwidths range from 2.7% to 14.7% around 1.5 GHz. It is also seen that the impedances become smaller as the permittivity is decreased. For Design 1 and 5, examples of radiation patterns for three frequencies are shown in Fig. 7 . It is seen that the radiation patterns are quite similar. This illustrates the fact that the shape of the DRA does not influence the radiation very much since it is the same fundamental broadside mode that is excited. It should be noted that the high level of cross-polarization near the horizon is a consequence of the infinite ground plane used in the model and would not appear to the same extent for a finite ground plane.
IV. ANALYSIS OF DRA ARRAYS
In this section, the MAS model is applied to a seven-element phased array where the identical elements are positioned in a hexagonal lattice and are separated by the distance , as shown in Fig. 8 . The hexagonal lattice is advantageous compared to the rectangular lattice for phased array applications since wider element separations can be used before the scan angle dependent effects of grating lobes and impedance mismatch become too severe [13] . Also the hexagonal lattice improves the rotational symmetry of the radiation pattern compared to the rectangular one.
However, before applying the MAS model to the entire sevenelement array, the MAS and CST-MS results are compared for a simple two-element configuration. In this way, the MAS model can be validated for the case where more than one element is present. With reference to Fig. 8 , the investigated two-element configuration corresponds to the case where only elements 1 and 2 are present. The elements are displaced by cm. In Fig. 9(a) and (b) , the mutual impedances of port 1 (i.e., ) in element 1 and ports 1, 2, and 3 in element 2 are shown as a function of frequency. In Fig. 9(c) , the directivity resulting from an excitation of port 1 of element 2 is shown. Again it is seen that the radiation results are accurately recovered by the MAS model. However, due to the approximate probe model, the mutual impedances are somewhat lower than predicted by CST-MS.
To further validate the method, reference results from [22] of the mutual coupling between two single-probe hemispherical DRA elements is reproduced. The DRA elements have the parameters mm, , mm, mm, and mm. The measurements were performed at a frequency of 3.84 GHz. In Fig. 10 , the MAS results are compared with the measured reference results. It is seen that the agreement is very good with only minor deviations in the E-plane for a separation of about one wavelength.
Having validated the MAS model, the analysis of the phased array is now resumed. The elements of the array are matched with OCSS matching networks, designed for GHz. The choice of which reflection coefficient to match is, however, less obvious for several reasons. First, the presence of neighboring elements has direct impact on the self-and mutual impedances of the probe ports. Secondly, the coupling between the elements causes scan-dependent variation in the input impedances. Lastly, the frequency dependence of the impedances should be considered.
In order to ensure that the employed matching network does not favor a specific scan direction, it has been chosen not to include the element-to-element coupling when designing the matching network. Therefore mean reflection coefficients are calculated, one for each of the unmatched DRA elements, in the same way as in (19) . These reflection coefficients vary somewhat from element to element, and therefore an average between the elements is used. Furthermore, the frequency variation is taken into account by averaging the over frequency. The OCSS matching networks for the array are thus designed to match the reflection coefficient (22) where GHz and GHz. In a manner similar to the single element case, the reflection coefficients seen at the input port of the OCSS matching networks are calculated.
The definition of the scan loss used in this paper only includes the effects of impedance mismatch. Although the main beam directivity also varies with scan angle, this is not included in the scan loss but treated separately. The scan loss is thus defined as (23) where is defined similar to (21) , with being replaced with . Examples of the calculated scan loss are shown in Fig. 11 for a DRA array with Design 1 and 3 elements. The element separation is cm in both cases, which equals 0.48 at GHz. The shown results are the worst case for all azimuthal scan angles as a function of and frequency. The impact of the element bandwidth is evident since the broadband Design 3 has low scan loss for a larger frequency interval than the narrow-band Design 1. Also the impact of scanning the beam towards large angles is clear and the scan loss generally increases with . For GHz, the increase is from about 0.25 dB for to about 1 dB for for the two cases.
In Fig. 12 , the variation of the scan loss and main beam directivity with scan angle is shown for Designs 1 and 3, the former with two different values of the element separation cm (0.37 at GHz) and cm. The general tendency of increasing scan loss for increasing is seen in all cases, but the impact of the element separation is particularly noteworthy. For Design 1, with closely spaced elements, a relatively low scan loss is obtained for the two extreme frequencies 1.5 and 1.7 GHz, whereas significantly higher scan loss results for the larger separation. With respect to the main beam directivity, it is seen that it is more uniform with respect to scan angle for the small separation than for large. This illustrates the positive impact on both scan loss and directivity due to closely positioned elements. In the case of Design 3, the element width cm precludes such close element separation and cm is used. With respect to the main beam directivity, however, the large variation with persists and even deteriorates.
V. CONCLUSION
The method of auxiliary sources has been applied for the modelling and analysis of circularly polarized probe-fed hemispheroidal dielectric resonator antenna elements and phased arrays. The MAS solutions were compared with the simulation tool CST Microwave Studio, measured reference results, and in the case of a hemispherical DRA also with a spherical wave expansion solution. The agreement is excellent as far as the radiation results are concerned; however, the MAS probe model implies a slight deviation of about 2% in the obtained resonance frequencies and the resistances at resonance are about 20% smaller for MAS than the CST-MS results. For the SWE solution, where the same probe model is used, the impedance results agree excellently. This demonstrates that MAS can be used to effectively analyze even complicated antennas with high accuracy.
Investigations were carried out for different element designs where the DRA height was kept at 2 cm and the element width and permittivity were varied to maintain a resonance frequency somewhat below 1.6 GHz. The resulting impedance bandwidths ranged between 2.7% for the hemispherical case to 14.7% for a 9-cm-wide DRA.
Two designs were subsequently selected for use in a sevenelement hexagonal phased array. The impact of the element impedance bandwidths and separation on the resulting scan loss and main beam directivity were investigated as a function of frequency and scan angles. As expected, the wide DRA elements yielded the lowest scan loss due to their inherently large bandwidth. It was, however, demonstrated that lowering the element separation, which is possible for the small elements, has a positive impact on the array bandwidth and serves to lower the scan loss. Furthermore, the main beam directivity was more uniform with respect to scan angle for the smaller element separation.
This analysis has been carried out assuming an infinite ground plane beneath the DRA. This limitation may, however, be overcome by including a finite ground plane in the MAS model as proposed in [26] .
APPENDIX I ANALYTICAL RESULTS FOR HEMISPHERICAL DRA
The hemispherical DRA on an infinite ground plane can be modelled as a dielectric sphere in free space with all current sources being augmented by appropriate image sources below the ground plane. For this dielectric sphere, the dyadic Green's function for the electric field has been derived and can be expressed as an SWE. The electric field everywhere then follows from (24) where is the current source inside the DRA including the image source. The dyadic Green's function can be expressed as (25) The functions and used in (26a)-(26c) and (27a)-(27c) are all defined in [27] . In the case where EHD is used to model the probe currents, the integral in (24) simplifies to a summation.
APPENDIX II AUXILIARY SOURCE FIELDS AT TEST POINTS
Presently, only the ASs on are considered. The same principle applies for the ASs on . The unit vectors of the local coordinate systems of the th AS on and the th TP are denoted by and , respectively. Thus the two orthogonal Hertzian dipoles of the th AS coincide with for in (5) and for . coincides with . In order to express the field from the th AS in terms of the coordinate system of the th TP, a rotated version of the th AS coordinate system is introduced. It is rotated through the Euler angles [27] such that its rectangular unit vectors, denoted by , are parallel to . The corresponding spherical unit vectors are denoted by and the position of the th TP, described in this coordinate system, is denoted by with the rectangular and spherical coordinates . Expressed in this coordinate system, the electric field from, e.g., the th Hertzian dipole of the th AS on the interior auxiliary surface , evaluated at the th TP , on is (28) and similarly for the magnetic field. Here 
In the case where MHDs are used as ASs, the corresponding fields can be found by application of the duality principle. The direct field from (30a)-(30b) should be augmented by the field from the image source beneath the infinite ground plane. This image source field can be calculated in the same way as the direct field by using the image position
where is perpendicular to the infinite ground plane, and local unit vectors
(32b) where and should be chosen for the EHD and MHD ASs, respectively, in order to be in accordance with the " " of (6) . For the ASs on the exterior auxiliary surface , the and in (30a) and (30b) should be replaced by and .
